Math 100A — SOLUTIONS TO WORKSHEET 8
TAYLOR EXPANSION

1. TAYLOR EXPANSION

(1) (Review) Use linear approximations to estimate:

(2)

(a) * log% and log % Combine the two for an estimate of log 2.
Solution: Let f(z) = logz so that f'(x) = -. Then f(1)
andf(l—%)%—%. Thenlog2:10g3/3 log f—loggm

(b) % sin0.1 and cos0.1.

Solution: Let f(z) = sinx so that g(z) = f'(z) = cosz and ¢'(z) = —sinz. Then f(l) 0

:()andf’(l):lsof(ljté)x%

2
5

and g(0) = f/(0) = cos0 = 1 while ¢’(0) = —sin0 = 0. So f(0.1) ® 0+ 1-0.1 =~ 0.1 and
9(0.1) = 1-0-0.01 = 1.
Let f(r) =
(2) Find £(0), (0), F(0),--
(b) Find a polynomial Tp(x) such that T5(0) = £(0).
(¢) Find a polynomial 77 (z) such that 77(0) = f(0) and 77(0) = f(0
(d) Find a polynomial T5(x) such that T5(0) = f(O) T5(0) = f/(0) and T2(2)(0) £@(0)
(e) Find a polynomial T3(x) such that T(k)(O = f)(0) for 0 < k < 3.
Solution:  f(x) = f'() = fO(z) = -+ = ¢ 50 f(0) = [/(0) = [(0) = -+ = 1. Now

To(x) = 1 works, as does Ty(z) = 1 + x. IfT( ) = 1+ + cz? then TV (z) = 2¢ = 1 means
c=1and Ta(x) =1+ 2+ 322, Finally, T3(z) = 1+ & + 2% + da® works if 6d = 1 so if d = 3.

(3) Do the same with f(z) = logz about « = 1.

Solution: f'(z) = 1, f"(x) = —, f"(2) = 2 s0 f(1) =0, f/(1) = 1, "(1) = —1, f(1) = 2.
Try T53(z) = a + bz + cx? + dx3 (can truncate later). Need a = 0 to make T5(z) = 0. Diff we get
Ti(x) = b+ 2cx + 3dz?, setting x = 0 gives b = 1. Diff again gives T4 (z) = 2c + 6dx so 2¢ = —1
and ¢ = —1. Diff again give T§"(z) =6d =2sod =% and T3(z) = (z — 1) — 3 (z — 1) + 3 (z — 1)*.
Truncate this to get Ty, 11, T5.

Let ¢ = # The nth order Taylor expansion of f(z) about z = a is the polynomial

T.(x)=co+ci(x—a)+ - +cp(x—a)”

(4)

Date:

* Find the 4th order MacLaurin expansion of ﬁ (=Taylor expansion about x=0)

Solution: f'(+) = iz, () = 2, [9 @) = e, FO@) = 2 £O9(0) = K and
the Taylor expansion is 1 + = + 2% 4+ 2% + 2.
*x Find the nth order expansion of cosz, and approximate cos 0.1 using a 3rd order expansion
Solution: (cosz) = —sinz, (cosx)(2) = —cosz, (cos x)(3) = sinz, (cos x)(4) (z) = cosz and
the pattern repeats. Plugging in zero we see that the derivatives at 0 (starting with the zeroeth) are
1,0,—1,0,1,0,—1,0,... so the Taylor expansion is

1 1 4 1
cosx —Ex +Ex —ax + -

In particular, cos0.1 ~ 1 — £(0.1)% = 0.995.
(Final, 2015) x Let T3(z) = 24+ 6(x—3) +12(z—3)? 4+ 4(2—3)3 be the third-degree Taylor polynomial
of some function f, expanded about a = 3. What is f”(3)?

Solution: We have ¢y = f( =12s0 f =24.
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Here m is the “rest mass” of the particle and c is the speed of light. Examine the behaviour of this
formula for small velocities by expanding it to second order in the small parameter x = v?/c?. What
is the 4th order expansion of the energy? Do you recognize any of the terms?

Solution: We write the formula as E = mc?(1 — 2)~/2. Letting f(z) = (1 — 2)~'/? we have

f(x) = 3(1—2)7%% and f"(z) = 3(1 —2)™>% s0 f(0) = 1, f'(0) = 1 and f"(0) = 2 giving the

expansion
1 1 3
E~x~mc |1+ = — . a2
me ( +2 +2, 17 )

= mc? 1+1U +§v—4
B 2¢2 8¢t

1 2
= mc2 + fmvg -+ § v— mv2
8 \ ¢?

(7) *x In special relativity we have the formula E = for the kinetic energy of a moving particle.

2

correct to 4th order in v/c. In particular we the famous rest energy mc? and that for small velocities
the main contribution is the Newtonian kinetic energy %va. The first relativistic correction is

negative, and indeed is fairly small until £ gets close to 1.

2. NEW EXPANSIONS FROM OLD

Near u = 0: ﬁ:1+u+u2+u3+u4~-~ expu:1+%u+%u2+%u3+%u4+---

(8) = (Final, 2016) Use a 3rd order Taylor approximation to estimate sin0.01. Then find the 3rd order
Taylor expansion of (z + 1) sinx about z = 0.
Solution: Let f(z) = sinz. Then f'(z) = cosz, f*(z) = —sinz and f®)(z) = —cosz.
Thus f(0) = 0, f/(0) = 1, f/(0) = 0, f®(0) = —1 and the third order expansion of sinx is
0+ Hz+ Ja? + %@3 =z — t2®. In particular sin0.1 ~ 0.1 —
third order, that

m We then also have, correct to

1 1 1 1
(x4 1)sinz = (z+ 1) <x6x3) :z+x276x376z4%:c+x276z3.

(9) *x Find the 3rd order Taylor expansion of \/x — 7:1: about z = 4.
Solution: Let f(z) = /z. Then f'(z) = 2\[, fP(z) = — 5 and f®)(z) = 32752, Thus
fA)y=2, f/(4) =13, fAA) = -5, fP(4) = ;2 and the third-order expansions are

256
3
3
(=" g g (e 4’

- 32.2!

so that

1 1 1 X

(10) ** Find the 8th order expansion of f(x) = — 1+13 What is f 6)( )?

Solution: To fourthorderwehave e“~1+u+ —|— +24—|—120 soe ~1—|—x2+%+%6+§
to 8th order. We also know that j ~1+u+u? + u? so +m3 ~1— a3 + 2% correct to 8th order.
We conclude that

61?

2 1 2% 28 -
- ~ (1 4+ —(1—a®+2a°
i <+x+2+6+24) (1— 2%+ 2%

1 5 1
~yp2_ .3, 2.4 2.6 8
R x+2x 6x +24x

In particular, f(zl(o) =—3 50 f©(0) = -720- 3 = —600.
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L_ about z = 0.
cos 3z
Solution: To 4th order we have cos3z ~ 1 — %1‘2 + %x‘l =1 — u where u = %m2 — %x‘l. Since

u? is already a 6th order term we can truncate at the quadratic term of the geometric series:

(11) Find the quartic expansion of

1 1

~

cos3z  1—u
~1+4u+u?

9 27 9 27 \?
%1 72_74 72_74
—|—<2x 81:)+(2:c 833

9 27 81
~lg g2 2la 4
R S
1
:1+§x2+%z4.

correct to 4th order.
(12) (Change of variable/rebasing polynomials)
(a) Find the Taylor expansion of the polynomial 2° —x about a = 1 using the identity x = 1+ (z—1).
Solution: We have

P —r=(14@-1)) -1+ (x-1)
=1+3@-1)+3@—-1)2+@-1)>*-1-(z-1)
=2 -1 +3z—-1)%+(z—-1)3.

(b) Expand e’ =% to third order about a = 1.
Solution: By the previous problem we have
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(no need to consider higher order terms because u = 2(z —1) +3(z — 1)? + (z — 1)3 is a multiple
of (x — 1) so any part of the kth power of u has at least kth order in (z — 1). Expanding the
powers and retaining only terms up to third order we get

exp (2 —z) ~ 1+ (2(z — 1) +3(z — 1)* + (z — 1)?)
+ % Az —1)2 +12(x — 1)%) + % (8(z —1)%)
:1+2(33—1)—&—5(33—1)24—8%(33—1)3

correct to third order.
(13) Expand exp(cos 2x) to sixth order about = = 0.
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Solution: We already know that cosf ~ 1 — % + g—z — 7‘%60 correct to sixth order. Setting 6 = 2x

we get

2 4
exp(cos 2x) ~ exp (1 —20% + §94 - 4596>
2 4
—e-exp —202+ 20— —¢"
e ( HENRT;

[ 2 4 1 2 4 N\ 1 2 4 \°
~ell+ =202+ 20 — —0°) + = (267 + Z0* — —4° — (267 + 20 — —4°
S R < T30 i) Ty T30 BY ) T t3' 75

=e|l—-26%+ ;04 - 44;596+ E (404 - 896> - 806]

2 3 6
I 2 124
=e|l1—20%+229*— ¢
‘A ti3 15
8e 124e
—e—2e-0% 4+ —pt - g0
ezt 45

correct to sixth order. s .
(14) % %% Show that log if—i ~2(x+ % + % +---). Use this to get a good approximation to log3 via a
careful choice of x.
Solution: Let f(z) = log(1 + z). Then f'(z) = u%xv fA(z) = —ﬁ, ) = A%

(14z)3>
f®(x) = _(11.+2x.)§1 and so on, so fF)(x) = (—1)*1. % We thus have that f(0) = 0 and for
k) (()) — k-1 ' fM) _ (=nFt
k> 1 that f*)(0) = (=1)"7'(k — 1)! and 5~ = ~——. We conclude that
2 3 4
log(l—i—x):x—%—f—%—%—i—u'.
Plugging —x we get:
2 23 a2t
log(l—x)——x—?—E—I
$0
1 3 5
1ogli_z =log(1+ x) —log(1 — z) :2x+2%+2%+-~- .

In particular

1+1 11 1 11
log3 =1 2 (b ) =14 e~ 1096
I (2+24+160+ > Tt

(15) (2023 Piazza @389) Find the asymptotics as x — oo
(a) ** vVt + 323 — 22
Solution: Clearly as z — 0o V% + 323 ~ V24 ~ 22 so this is about the cancellation and we
need a more precise answer. Extracting the factor of 22 from the square root we see

3 3
\/x4+3m3—x2:x2\11+7—x2:x2 (1/1—1——1) .
x x

To understand the behaviour of /1 + % — 1 we notice that % is a small parameter, and that
Vidtu=1+ %u — %u2 correct to second order. We thus have



with further corrections being lower order. We conclude that this linear approximation would
have been sufficient and that

3
Vit + 323 — 22 ~ 27
as T — 00.
(b) Hx* Vab —at— | /zt — 222

Solution: Both roots are asymptotically 22. Using the linear approximation we find

. 1 11
Vb —at =221 —- = ma?(1--=
xr xr X 3 .’IJ( 3 2)

and

which cancel exactly, so we need to go one order further. Since (14+u)* ~ 1+au+ @UQ 4

as we can check by differentiation we see that as z — oo

1 1
Vituml+ —u—-u’

2 8
1 1
v31+u%1+§u—§u2

to second order, so

6 — 4 /z4,gx2zx2 1fifi — 1fllfi
3 322 9t 2322 894

1
T 1822
with further lower-order terms, so

/ 2 1
36 _ o4 _ 422
b —x T Sm 1322

as x — oo and in particular there is decay.

I
(16) Evaluate lim,_,o < /;4_“”.
Solution: We know that cosz =1 — ””2—2 + ---. Using the linear expansion e* ~ 1 + u we’d get
e /2 ] - 22 /2 which means the difference cancels to third order, so let’s expand to fourth order.
We get
2
e—xz/Qzl_'%j_i_l 22 :1_£2+£4
2 2\ 2 2 8
x?2 ot
~l——4+ —.
cosT 5 + o
Subtracting and dividing by z* we get
e’ /2 _cosx 1
z 12

correct to Oth order, so this is the limit (expanding both functions to the next order would give the
next correction).



