Math 100 — SOLUTIONS TO WORKSHEET 7
DIFFERENTIATION RULES

1. THE PRODUCT AND QUOTIENT RULES

(1) Differentiate
(a) f(x) = 62™ 4 2x° — /2
Solution: This is a linear combination of power laws so f/(x) = 67z™ 1 + 2ex®™
(b) (Final, 2016) g(x) = 22e® (and then also z%®)
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Solution:  Applying the product rule we get d—g = d(dmw) et + 2% dE;:) = (22 + 2?)e® =
z(x + 2)e*, and in general

d—(m“el) =az® te” 4 2%" = 27z + a)e”.
x

(c) (Final, 2016) h(z) = £43

2z (22—1)—(2®+3) -2 _ 422222226

Solution: Applying the quotient rule the derivative is

2a=1)° =T Ga—? —
2?2; oL E
A
(@) =
Solution: We write the function as 23/2 + Az=1/2 g0 its derivative is 5 x/? — Ax*?’/z.

(2) Let f(z) = oA Given that f'(4) = 2, give a quadratic equation for A.

—z(3 1/2 — =z ENZ 2 . .
Solution: f/(z) = <f—€\Af)+A()§x ) = \/(5\71;)2 = (%;)2 Plugging in 2 = 4 we have
3 , 1+ A
Z )=
6~/ W=gae

so we have

3(2+ A)? =16(1 + A)

that is
34 + 124+ 12 =16 + 16A
that is
347 —4A—-4=0.
In fact this gives A = — ,2

(3) Suppose that f(1) = 1, g(1) = 2, f/(1) = 3, ¢'(1) = 4. Find (fg)' (1) and (g)/u).
Solution: (fg) (1) = f'(1)g(1) + f(1)g’(1) =3-2+1-4 = 10.

(f) 1) = f(g() — f)g'(1) 3-2—-1-4 1

g

(9(1))? o2 2
2. THE TANGENT LINE

(1) (Final, 2015) Find the equation of the line tangent to the function f(z) = x at (4,2).
Solution: f/(z) = ﬁ, so the slope of the line is f'(4) = 4, and the equation for the line line
itself isy —2=21(z—4)ory=3(z —4)+20ry =1z +1.
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(2)

Let f(z) = @, where g(x) is differentiable at = 1. The line y = 22 — 1 is tangent to the graph
y = f(z) at z = 1. Find g(1) and ¢'(1).
Solution: At z =1 the line meets the graph of y = f(z)s02-1-1=1= f(1) = @ and we

concldue that g(1) = 1. The slope of the line there is 2, so f/(1) = 2. Since we have
zg'(x) — g(x)z
fa) = I R
we have 2 = f/(1) = ¢'(1) — g(1) so ¢'(1) =2+ ¢(1) = 3.
(Final 2015) The line y = 4x + 2 is tangent at = 1 to which function: 2 + 222 + 3z, 2% + 32 + 2,
2Vr +3+2, 22 + 22 — x, 2% + x + 2, none of the above?
Solution: The line has slope 4 and meets the curve at (1,6). The last two functions don’t
evaluate to 6 at 1.We differentiate the first three.

%Lr:l (9:3 +222% + 3:17) = (3:E2 +4x + 3) lz=1 =10
d
T =1 (22 +32+2) = (20 +3) |, =5

d
= le=1 (2Vz+3+2) = (

The answer is “none of the above”.
Find the lines of slope 3 tangent the curve y = 2 + 422 — 8z + 3.

Solution: % = 322 + 8z — 8, so the line tangent at (x,y) has slope 3 iff 322 + 8z — 8 = 3, that
is iff 3(z2 — 1) +8(z — 1) = 0. We can factor this as (z — 1) (3z + 11) = 0 so the x-coordinates of
the points of tangency are 1, f% and the lines are:

y=3(z-1)

yzg(x+%)+ ((131>3+4(1:))1)2—8<1:31> +3> :

2 1
m) =1 =5 -

The line y = 52 + B is tangent to the curve y = 23 4+ 2x. What is B?

Solution: At the point (z,y) the curve has slope % = 322 + 2, so the curve has slope 5 at the
points where x = %1, that is the points (—1, —3) and (1,3). The line needs to meet the curve at the
point, so there are two solutions:

y=>5xr+2 (tangent at (—1,—3))
y=>br—2 (tangent at (1,3))



