Lior Silberman’s Math 412: Problem Set 7 (due 5/11/2019)

Practice
P1. Find the characteristic and minimal polynomial of each matrix:
500000 500000
1100 040000 021000
0100 002000 002000
001 O0Op’OO0O021O0]1P’]0002T1F£0
0 001 0 00O02°1 0 00O02°1
0 00O0O02 000O0O02
01 010
P2. Showthat |0 O 1], [0 O 1| aresimilar. Generalize to higher dimensions.
00O 0 00

The Jordan Canonical Form

1. For each of the following matrices, (i) find the characteristic polynomial and eigenvalues (over
the complex numbers), (i1) find the eigenspaces and generalized eigenspaces, (iii) find a Jordan
basis and the Jordan form.

1 0 00 0 O
1 2 1 0 01 -1 0 0 0 00 —1 1
21 0 1 00 0 —1 1 -1 11 =11

A=1lo o1 21'=l10 0 11'“lo 0 01 0 0
0 0 —2 1 01 0 0 0 1 00 2 0

0 0 00 0 1

RMK I suggest computing by hand first even if you later check your answers with a CAS.

2. Suppose the characteristic polynomial of T is x(x — 1)3(x — 3)*.
(a) What are the possible minimal polynomials?
(b) What are the possible Jordan forms?

3. LetT,S€Endg(V).
(a) Suppose that 7, S are similar. Show that my (x) = mg(x).
(b) Prove or disprove: if mr(x) = mg(x) and pr(x) = ps(x) then T, S are similar.

4. Let F be algebraically closed of characteristic zero. Show that every g € GL,(F) has a square
root, in that g = h? for some h € GL,(F).

5. Let V be finite-dimensional, and let A C Endr(V) be an F-subalgebra, that is a subspace
containing the identity map and closed under multiplication (composition). Suppose that T &
A is invertible in Endr (V). Show that 7-! € A.

(extra credit problem on reverse)
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Extra credit
6. (The additive Jordan decomposition) Let V be a finite-dimensional vector space, and let 7' €

EndF (V)

DEF An additive Jordan decomposition of T is an expression T = S+ N where S € Endg (V)
is diagonable, N € Endp (V) is nilpotent, and S, N commute.

(a) Suppose that F is algebraically closed. Separating the Jordan form into its diagonal and
off-diagonal parts, show that 7" has an additive Jordan decomposition.

(b) Let S,S’ € Endr(V) be diagonable and suppose that S, S’ commute. Show that S+ 5 is
diagonable.

(c) Show that a nilpotent diagonable linear transformation vanishes.

(d) Suppose that T has two additive Jordan decompositions T =S+ N = §' + N’. Show that
S=8and N=N'

Supplementary problems: /” spaces

A. ForyeC"and 1 < p <oolet ||y, be as defined in class.

(a) For 1 < p < oo define 1 <q<ooby%—|—é: 1 (also if p =1 set g = oo and if p = oo set
g=1). Given x € C let y(x) = ﬁ x|P/4 (set y = 0 if x = 0), and given a vector x € C"
define a vector yanalogously.

(i) Show that [|y[| = [lx]|5/%.
(ii) Show that for this particular choice of vy, [Yi xiyi| = [|x[[, | XHq

(b) Now let u,v € C" and let 1 < p < eo. Show that [LiL uvi| < [lul|, ||v[l, (this is called
Holder’s inequality).

(c) Conlude that ||ul|, = max { Iz wil | [lvll, = 1}.

(d) Show that ||u]| » is a seminorm (hint: A(c)) and then that it is a norm.

(e) Show that lim), e[|y, = [[v|. (this is why the supremum norm is usually called the L*
norm).

B. Let X be aset. For 1 < p <ooset /(X)={f:X—=C|Yex|f(x)]” <eo}, and also set

>(X)={f: X - C| f bounded}.

(a) Show thatfor f € /7(X) and g € £4(X) (q asin A(a)) we have fg € ¢! (X) and |¥,cx f(x)g(x)| <
1711, 11l

(b) Show that £7(X) are subspaces of CX, and that £, = (Xrex |f(x)|p)1/P is a norm on
r(X)

(c) Let{fn},_; C ¢P(X) be a Cauchy sequence. Show that for each x € X, {f,,(x)},_; C Cis
a Cauchy sequence.

(d) Let {f,},_; C ¢P(X) be a Cauchy sequence and let f(x) = lim,_,e f,,(x). Show that f €
P(X).

(e) Let {fn},_; C ¢P(X) be a Cauchy sequence. Show that it is convergent in (7 (X).

Hint for B(d): Suppose that || f||, = . Then there is a finite set S C X with (¥,cs |f(x)|p)1/p >
iMoo | ful| + 1.
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