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Math 101 — SOLUTIONS TO WORKSHEET 28
ABSOLUTE CONVERGENCE

1. MORE TAIL ESTIMATES

n

It is known that e”; = IZ:ZO:O %

isi_ 14 L tq1l9
(a) How close is 5 — § + 57 to =7

(b) How many terms are needed to approximate é to within Tloo?

Solution: The series e”! = 220:0 (ZLI!)R is alternating, and n! is increasing to infinity so that

% monotonically decrease to zero. By the alternating series test, the error is bounded by the next

term.

(a) The next term after o = 4 is —é = ﬁ S0

E (R P

e 2 6 24)|7 120
(b) If we want to approximate % to within ﬁ we need to keep terms until one is smaller than than.
We have é = % and —% = —lem so keeping the first seven terms we have

1 1 1. 1 L 1)yt 1
e 2 6 24 120 720/ 5040 ~ 1000

The error function is (roughly) given by erf(x) = ZZOZO n!((;i):l) 22"*+1. How many terms are needed
to approximate erf({5) to within 107117

Solution: Using x = % gives the series

1 B oo (_1)n
erf (10) =2 nl(2n + 1)1020+1 °

n=0

Since each of the factors of n!(2n + 1)10?"*! is increasing, the terms of the series terms are mono-
tonically decreasing in magnitude, tending to zero, and are clearly alternating in sign. For n = 4 we
have n!(2n + 1)102"+! = 24.9.10° > 100 - 10° = 10! since 24-9 > 20-5 = 100. By the alternating
series test taking the first four terms is sufficient:
1 1 1 1
f (1= =4 - —= )| <107,
. (10) ( 300 " 10 42-107>‘

2. ABSOLUTE CONVERGENCE

Decide if each sequence/series converges:

R I o B

Solution: lim,_,; ﬁ =0, so also lim,, \_/—717 = 0, and by the squeeze theorem lim,,

=" _
Vn
0, so both sequences converge. The series Y~ | ﬁ is a p-series with p = % < 1 so it diverges while

the series Y 2 | (Qlﬁ)n converges by the alternating series test.
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(4) Place checkmarks

Converges Diverges
Absolutely \ Conditionally

ZZO=1(T1)” X
fo:l nZ X

S (I X

s T X

Z,gO:l Slnnn X

n=1 n?
(*)ZlfLO:l snrlln X
Solution: * The series - ,(—1)" diverges, for example by the nth element test — the terms

are either +1, —1 and in any case don’t tend to zero.

* The positive series Y - | # converges (p-series with p = 2 > 1). The series is also absolutely

convergent because each term is equal to its own absolute value.

* In the series > -, (_nlg)n , replacing each term by its absolute value gives the series Y > | # which

is convergent (see above) so this series is also absolutely convergent.

="
n

which diverges (it’s the harmonic series), so >,

Zw (_1)’”.

n=1 n

magnitude, and tend to zero. It follows that the series > -,

* Replacing each term in of the series )~ | oo

o 1
n=1n
is not absolutely convergent. But the series

* Replacing each term in of the series Y |

by its absolute value gives the series >
="
n

does converge by the alternating series test: its terms alternate in sign, decrease in
(=n"

—— converges conditionally.
by its absolute value gives the positive series

> ‘Sgl—zn‘ which coverges by comparison with the series >_>° | % (we have 0 < '“7;—‘;” < L for all
* The example > 7, sinn g just for flavour — properly dealing with it is beyond the level of Math

101. The basic idea is that as n varies, the angle “n radians” looks like a random angle around the
circle. this makes the numbers sinn be distributed in [—1,1] according to the sign curve. First,
w and since the values sinn

. 1/10
are random, they aren’t often close to zero, and you can roughly compare our series to Y, /T

which diverges. On the other hand, without absolute values there is a lot of cancellation between
the terms (to see the cancellation note that fozw sinfdf = 0 and that ‘fOT sin@d@‘ < 2 no matter

replacing each term with its absolute value gives the series Ziozl

how big T is) and this makes the series Y oo, S22 converge.
= n
(*) beyond the scope of Math 101

3. RATIO TEST

(5) Decide whether the following series converge:

(@) >0z o

Solution: We have % = ;tll /2% = "7“23% = %(14— %) m % < 1 so the series
converges by the ratio test.
S
(b) Xono3m
. " D!/ nl D! o .
Solution: We have GT:I = % ;T = (n%)gzﬁ = HTH ::;% oo > 1 so the series
diverges by the ratio test.
[e'e) n
(€) 2n—oor
Solution: We have [2241| = 2. () < 1 so the series converges by the ratio test.
ntl s

(d) For which values of  does Y " jna™ converge?
Solution: Let a,, = nx™. Then

(n+1)|z|

n+1 1
R (147 el el
n|x| n n—oo

Ap+1
QA
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By the ratio test, the series converges iflz| < 1 and diverges if |z| > 1. If || = 1 then
lan| = n|z|" =n —— oo so the series diverges by the divergence test. We conclude that the
n—oQ

series converges exactly when |z| < 1, that is for x € (—1,1).



