Math 101 — SOLUTIONS TO WORKSHEET 26
THE COMPARISON TEST

1. COMPARISON BY MASSAGING

(1) Determine, with explanation, whether the following series converge or diverge.
(a) (Final 2014) >°°  —L_—

n=1 \/n241

Solution: For n > 1 we have n2 +1 < n? +n? = 2n? so that \/ﬁ > \/21? %% The

diverges (p-test with p = 1 < 1) so by the comparison test the given

. . o0
harmonic series > oo | &

series diverges as well.
Solution: (Really complicated) The function f(z) = \/xiﬁ is positive and decreasing on

[0,00). Using the susbtitutions z = tanf and sin# = u we have:
/ dz B sec? 0 do
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B sec? 6do
n / sec 6
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B /00820
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2% T sine
(we don’t need absolute values since 1 + sinf and 1 — sinf are both non-negative). Now
sin@z\/l”iTso
d 1 1+L
/% = ilogi '1;”24—0
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Now
Vita?24+az i+ +r Vida?to
Vi+az—z Vi+a?2—z V1i+a22+zx
(v1+x2+x)2 2
= —:( 1—|—x2—|—x>
1422 — a2
so finally
dx 1 2
——— = =lo ( 1+x2+x> +C
/\/1+x2 2 %

= log( 1—|—x2—|—w)+C.

Date: 13/3/2017, Worksheet by Lior Silberman. This instructional material is excluded from the terms of UBC Policy 81.
1



We therefore have
/°° de . /T da
0o V14a? T—oo Jo 1+ 22
= Th_rgQ [log (\/1—1-77“2+T) — log (\/1—1-7()2—&-0)}
= Tlgnwlog(m+T):w.

By the integral test the series Y - | —L__ diverges as well.

V1+4n?2
(Final 2013, variant) 1+ § + 5= + 35 + 51 + 157 +
Solution: The series is 1% + 3% + 5% + 7% + --- and has positive terms. The nth odd number

is 2n — 1 so the series is

> 1
2 G TE

n=1
Forn>1,2n—1>2n—n=n so m < n% The series fozl % converges by the p-test
(p =2 > 1) so by the comparison test our series converges too.
(Final 2013) >°>° | ”fjfblz"
Solution: For n > 2 we have n +sinn >n—12>n— 5 and 1+ n2? < 2n2 so that for n > 2
we have "nﬁs% > % = 4. The harmonic series > ° | L diverges (p-test with p = 1) so by

the comparison test the given series diverges as well.
I+ s+ +F+temtgtaet -
. . C o " L nodd
Solution: Let a, be the nth term of the series (which is positive) so that a,, = ¢ .
3 n even
For n > 1 we have % < # S0 a, < # in any case. Now ZZO:1 # converges by the p-test
(p =2 > 1) so by the comparison test the series Y - | a,, converges as well.

2. LIMIT COMPARISON TEST

(2) Determine, with explanation, whether the following series converge or diverge.

(a)

. oo 1
(Flnal 2014) anl T—‘rl
Solution:  We have lim,,_, %/ﬁ = lim, oo ”ZH = lim, o0 4/1 + n—lz = 1. The

o 1
n=1n

harmonic series »
dinverges as well.
(Final 2013, variant) 1+ & + 5= + 45+ 57 + 137 +

Solution: The series is 1% + 25 4+ £z + = + -+ and has positive terms. The nth odd number

diverges (p-test with p = 1) so by the limit comparison test our series

32 T 52 T 72
is 2n — 1 so the series is
> o
— (2n—1)?
Now lim, o0 #/m = lim,_ 00 (2";1)2 = lim, o0 (2 — %)2 = 4. The series Y -, &

converges by the p-test (p =2 > 1) so by the limit comparison test our series converges too.
(Final 2013) >_°>7  ntsinn

. n=1 14n2
Solution: We have

lim n—i—sinn/l ~ lim 1+ 882 14 limy, o0 S50°
nvoo n2+1'"n nooco 1+# 1—i—1imn_>ocn—12

Now lim,, o # = 0. Since —1 < sinn < 1, we have _7712 < 517‘;—2” < # and lim,, o (—#) =
—lim, # = 0 also so by the squeeze theorem, lim,, b‘n% = 0. It follows that

n+sinn/lil+07
n 1+0
2

lim 1.
n—oo n2 + 1



The harmonic series > - 1

given series diverges as well.

diverges (p-test with p = 1) so by the limit comparison test the



