Math 101 — SOLUTIONS TO WORKSHEET 25
THE INTEGRAL TEST

1. THE INTEGRAL TEST

(1) Decide if each series converges or diverges

(@) 2nZq 2%
Solution: Let f(z) = ze™%, so that the series is Y~ | f(n). Then f(z) > 0 for all z. Also,
we have f'(z) = e7® —xze™™ = (1 — x)e”* which is negative for x > 1 so f is eventually
decreasing. We know that fooo xe~* dx converges (see previous worksheet) so by the integral
test our series converges as well.

(b) (Final 2014) >_>° (your answer will depend on p!)
Solution: ~ Suppose p > 0 (if p < 0 compare with Y »° 1 — see next lecture) and let
flx) = m so that the series is Y.~ ; f(n). The function f is clearly both positive and

n=2 n(log n)P

decreasing, so by the integral test the series converges iff f;o f(x)dx converges. We consider

/OO dx
, w(oga)

dz — dgy and u — ocoas £ — oo so we have

Susbtituting u = logx we have <*

o a(logz)p — Jy wp

which converges when p > 1 and diverges otherwise. By the integral test the same holds for our
series.
1
(©) Xnti ey

Solution: Let f(x) = 1-&-% which is clearly positive and decreasing. By the integral test

the series Y ", f(n) converges iff the integral [ t$%7 does. But
>~ d
/1 ?22 = Tlgréo (arctan(T) — arctan(1)) = Th_I)I(l)O arctan(T") — % = g % = Z,

so the integtral and the series converge.
Solution: Let f(z) = H-% which is clearly positive and decreasing. By the integral test

the series ) -, f(n) converges iff the integral fo does. Converges does not depend on

1+2

sz dz. Now lez < 9512 and fl g—g converges by the

p-test (2> 1) so [~ 11‘22 converges by the comparison test, and > -
integral test.
(2) The integral fzoo ””1+ oz do diverges. Why can’t we use the integral test to conlcude that Yoo, "1+ jg‘zn
diverges as well?

Solution: The function f(z) = "Lf_ﬁ‘;‘z* isn’t monotone:

(1 +cosx)(1+ 2?) — 2z(x + sinx)

the starting point so we consider fl

el n2 1 converges by the

/
fle) = e
(14 cosz —2)x? —2zsinx + 1 + cosz
- 1+ 22)?
(cosx — 1)z — 2xsinx + 1 + cosx
B (1+2)?

Date: 10/3/2017, Worksheet by Lior Silberman. This instructional material is excluded from the terms of UBC Policy 81.
1



In particular, if z = 27k (k € Z) then cosz =1, sinz = 0 and
2
() = ——— > 0.

We'll later show that this series diverges.

2. TAIL ESTIMATES (NOT EXAMINABLE IN MATH 101)
(3) Consider the series > | =

(a) Show that 7 \ ., n—lz <+
Solutlon The fucntion f(z) = - is decreasing and positive. By the integral test, >0" . f(n) <
In ! dx_[_i]?vo:%'

(b) How many terms to we need to include to approximate the sum of the series within 10727
Solution: We have > 77 | -5 = >V + > N4t pz- I N =10° we see that

n1n2
0 1 10° 1
-5
0<) - — <107
n=1 n=1

(3) (The harmonic series)
(a) Show that Zn 1
Solution: ZN i fNH r —log(N +1).
(b) Show that Z L x § (1 —log 2) +log(N +1)
Solution: Zg 1 <1+ fN+1 d — 9 £ log(N + 1) —log2.
(4) Bonus problem: v = limy_, (ZnN 1o — log(V + 1)) exists.
a) For > 1 set sy = og + set sg = and let a,, = s, — 55,_1. ow that
For N > 1 ML log(N 41 0) and 1 Show th
anzi—log(l—f—%).
Solution: We calculate:

N N-1y
P Z log(N+1)] - = log(N
SN —SN-1 (7; " og(N + )) (T; n og( ))
N N1y
= (Z - = ) (log(N + 1) — log(N))
n n
n=1 n=1
_ Ll e (ML
- N %N
1 1
- — 1 14—
v los (14 5)
(b) Show that there is C' > 0 such that 0 < a,, < % for all n > 1. By the comparison test, Y
converges.

Solution: The function f(z) = log (1 + x) is differentiable; we have f'(z) = 1-%3:’ f(x) =
—ﬁ, O (z) = (1+ yz- Thus f(0) =0, 1/(0) =1, f”(0) = —1 and hence for z > 0 we have
1 1:3

1

for some & € (0,x). For 0 < <1 we see that £ > 0 and hence

1 23 x 9 1 4
P=3lrer = (3(1+§>3)m =37

It follows that for 0 < z < 1 we have

1 1 1
x—§x2glog(l+x)§x—§x2+§x2
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and hence i )
61'2 <z-—log(l+z)< 5302.

Plugging in z = %L gives the claim.
(¢) Show that sy = ZN

n=1
Solution: This is a telescoping series: Zgil an = (51— 80)+ (82 —s1)+- -+ (sny —sy-1) =
SN — SS9 = SN-
The number 7 is called the Euler-Mascheroni constant, its value is about 0.577.

an. It follows that {sy} -, converges.



