Math 101 — SOLUTIONS TO WORKSHEET 12
TRIGONOMETRIC SUBSTITUTION

1. TRIG SUBSTITUTION

(1) (Final, 2014) Evaluate [v4 — 22 dz
Solution: Let z = 2sin# so that dz = 2cos@df. Then

/\/4—x2dx = /\/4—4sin29(20059d9)
2/\/41\/1—sin290056‘d9:4/00829d9

1 20
4/%5()(19 - 2/d9+/cos(29)d(29)
20 + sin(20) = 20 4+ 2sinf cos 0 + C

T 2
— | 2arcsi (f) Ji-Ztcl.
arcsin 2 +x 1 +

In the last row we used sinf = § to get 6 = arcsin (%), cos = /1 —sin? 4.

(2) (Final, 2013) Evaluate 1, %

Solution: Recalling 1 + tan? § = sec? § let 2 = tan 6 for which dz = sec?#. We also know that
tan (ig) = +1 so the integral becomes:

=1 0=m/4 2 0=m/4
d 0
/ 7333:/ L3d9:/ cos*6.d6.
a=—1 (22 +1) 9=—n/4 , (sec? 0) 0——n/4
We now use trig integral techniques, here the half-angle formula cos? § = H‘%S(%) to get

0=m/4 0=m/4 2
/ (;034 0do = / (]'—FCOS(20)> d6
0=—m/4 0=—m/4 2

/OZM4 L (20) + E 2(26) ) do
. 1 D) COS 1 COS

=—n/4

The half-angle formula again gives cos?(260) = H%S(w)

0=m/4
= / (1 + %005(29) + 1+ costdd) COS(40)> dé
0

SO

=—7/4 4 3
O=m/4
3 1 1
= |<0+ —sin(20) + - sin(46
[8 +451n( )+32 sin( )}9_ »
SN DU QPR Sl [
= g7t 3sin(z) +ggsin(m) = et 5.

(3) (105 Final, 2012) Evaluate the indefinite integral [ ¥22°=1 dg
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Solution: Recalling tan?d = sec2f — 1 let = = %Sece for which dz = %sec@tan 0. Then
2522 — 4 = 4sec?§ — 4 = 4tan? 6 and the integral becomes

NG
/de:/itang %secﬁtan9d9:2/tan29d9.
T

£ sect

We now use trig integral techniques, here we recall that (tan#) = sec? § = tan? 6 4 1 so that

2/tan29d9 = 2/(sec29+1)d9
= 2tanf+ 20+ C.
Finally, tanf = v/sec26 — 1 = 1/%:02 — 1 and 6 = arccos % so that

V2522 — 4 2522 2
/xidx = 24/ a: — 1+ 2arccos— +C
T 4 5x

2
= /2522 — 4+ 2arccos — + C'.
5

2. COMPLETING THE SQUARE ETC

(105 Final, 2014 + 101 Final, 2009) Convert [ (3 — 2z — xg)_B/Q dz to a trigonometric integral.

Solution: We complete the square: 3 —2r — 22 =3+ 1 — (1 + 2z + 22) =4 — (z + 1)%. So if
we set x + 1 = 2sinf we’d have 4 — (z + 1)2 = 4 — 4sin® @ = 4 cos? §. Since x = 1 + 2sin 6 we have
dx = 2cosf and we get dz

/(3—2x—x2)73/2dx = /(4—4sin29)73/22c059d9

2 _
= m/(COSQ 9) 3/2 cos 6 do

1
= Z/SQCQHdQ

(Final, 2008) Find the area inside the ellipse & + 4 = 1.

2

Solution: We need to compute the area between the curves y = by/1 — ﬁ—i and y = —by/1 — %43

for —a <z < a. We therefore substitute x = asinf, where —5 < 6 < 7 to get

r=a 2 0=m/2
Area = / 2b\/1—%dw=2b/ V1 —sin?facoshdo
=—a O=—m/2

0=m/2
2ab/ cos? 6d6
0=—m/2

0=m/2
= ab/ (1 + cos(26)) do
O0=—m7/2
=3

ab {9 + isin(46‘)} T ab [(

B

— (—%)) + isin(%r) — isin(—%r)

R



