Math 101 — SOLUTIONS TO WORKSHEET 11
TRIGONOMETRIC INTEGRALS

O

(1) Evaluate the integrals
(a) [sin®zcos® zdx
Solution:  The power of cosine is odd, while the power of sine is even, so let u = sinz,

du = cosz dz. Then sin* z = u?, cos?z = 1 — u? and

/sin4xcos3:rdx = /u4(17u2)du:/(u47u6)du:%+u7+c

1 1
gsin5x—|—?sin7a}+0.

(b) [sin® zcos* x da
Solution: This time let u = cosx, du = —sinz. Then

. . 2 .
/sm5 zeostzdr = / (sm2 x) cos* xsinz dz

_/(1—u2)2u4du=/(1—2u2+u4)u4du

2 1 1
= /(2u6—u4—u8)du: ?u7—5u5—§u9+0
= —cos x— 1cos‘r’aﬁ— 1COSQJL‘—&—C’
7 5
(c) [sin*zcos* xda
Solution: We have sinx cosz = %sin(Qx) and sin’(2z) = 1_%3(4@ so
.4 4 1 4
/sm zcos“zdxr = 76 [ sin (2z) dz
1 1- 2
_ 1 cos(4x) d
16 2
1
= (1 — 2cos(4z) + cos®(4z)) dx
1 2 1 1
= @ (1:— 4sin(4:v)> + @/H%de
1 1 1 1
S g Y | r4
61% ~ 128 Sine) + 5g@ + Gy SnBn) + 0
1
= %830 ~ 138 sin(4x) + 1094 sin(8z) + C'.
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Solution: Use sin®z = 17%5(2“’), cos?x = H%S(M) to get

/sin4 zcostzdr = 1—16 (1 — cos(22))* (1 + cos(2z))?
. 1% (1 = cos(22))(1 + cos(22)))? dr
= i (1- c052(2x))2 dz
C L[ (h sy,
_ (1 — cos(4x) ) da
= (1 — 2cos(4x) + cos®(4z)) d
= (1 — 2cos(4x) + HC;S(&T)) dx
1
= 128 — ﬁg sin(4z) + 1074 sin(8z) + C'.

) [ sin® zcos® v dx
Solution: The power of cosz is odd, so use u = sinx to get

/sinsa:cos3xdx = /sin5xc052:vcosxda:
= /u5(1—u2)du:/(u5—u7)du
g 14
= —u - = C
6u 8u +
1 1
= gsiHGx—gsin8x+C.

Solution: The power of sinz is odd, so we can also use u = cosx to get

/ sin® zcos® rdr = / (sin2 x)2 cos® zsin x dz
= —/(1—u2)2u3du
- /(2u2—1—u4)u3du
= / (2u5 . u7) du

2 1 1

= EUG— Zu4— §U8+C

= fcosﬁxflcos‘lmflcosgquC
3 4 8 )

(2) Powers of tangent and secant
(a) Evaluate foﬂ/4 tanx dx



Solution: foﬂ/4 tanz =

Jo

so letting u = cosx we have

w/4
/ tanx
0

(b) Evaluate fj:/ f tan z dx

.

1 1 1
—(log(—=) —logl) = —log — =| = log 2|.
<0g(\/§) 0g> o8 5 =| 58

/4 sing

Ccos

x

dz. We note that sinzdz is roughly d(cosz) = —sinx dz

r=m/4 du

. [log |ul]

u=cos(m/4)
u=1

Solution: Since tan(—x) = tan(z) and the domain is symmetric about = 0, the integral
vanishes. In detail, let w = —z. Then du = — dx abd
r=+m/4 u=—m/4
/ tanzdr = / tan(—u)(— du)
z=—m/4 u=m/4
u=—m/4
= / tan(u) du tan(—u) = — tan(u)
u=m/4

u=m/4
/u——7r/4
z=+m/4

- /x_'n'/4

tan(u) du

tan(z) dx

L0

substitute u = x.

(¢) (even power of secant) Evaluate [ tan®zsec* z dz using the substitution u = tan z.
We have du = sec? dz so

Solution:

/ tan® z sec? z dz

/tan5 xsec’ (sec2 T dx)

/@5@+uﬂdu:/(ﬁ+umdu

6

1 1 1 1
Wb+ 2B+ = ftanﬁx—i—gtangac—&—c.

8

6

(d) (odd power of tangent) Write [ tan®zsec® zdz in the form [ sin” 2 cos™ z dz and evaluate it.

sin®

Solution: tanx = zg;fc, secr = —— so we have i oo dz. Now the power of sine is odd, so
we can set u = cosx dx, du = —sinz dx and get
.. 5 4
sin® x sin® z
= - —sinzd
/cosgx o /cosgac( inzdz)
2
1—u? _2ut+1
_ /(S)dﬂ/u5+m
u U
= / (—u*4 +2u % — u*S) du = 11F3 - gu*5 +-u T+ C
3 5 7
1 4 2 5 R
= |-cos — —cos - cos C.
3 T 5 T+ - T+
Lo 3 2 5 Lo 7
= |=-sec’xr— —sec’x+ —sec' x+C.
3 5 7
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Solution: The textbook suggests instead substituting u = secx, where du = secztanx so
(also using tan?z = sec?z — 1)

/tan5 rsecdrdr = / (tan? x)2 sec? z (tan x sec z dz)
= /(u2 — 1)2u2du: / (u4 — 2u? +1) u? du

= /(u672u4+u2)du:%u7f

1 2 1
= ?wﬁx—gw§z+§%@u+

3

5 u
+—=+C
u4F3+

2
5
c



