Math 101 — SOLUTIONS TO WORKSHEET 10
INTEGRATION BY PARTS

(1) Evaluate the following integals:
(a) [z?coszdx

Solution: We integrate by parts twice, differentiating the term of the form z*

/x2cosxdx = x2sinx7/(2x)sinxdx
= z%sinz — [(—2:10 cosx) — /(2)(—00533) d:v]

= xzsin:c+2xcosz—2/coszdx

= 2?sinz+ 2z cosz — 2sinx + C'.

(b) [logzdx
Solution: Let u =logz, dv = 1dx = dx so that v =z, du = %dx. Integrating by parts, we

get:
1
/logajda: = xloga:—/x-;da:

= xlogx—/dx

= zlogx—z+C.
(c) (Final, 2013) fol arctan x dz =

Solution: Let u = arctanz, dv = 1dx = dx so that v =z, du = 115;2. Integrating by parts,
we get:
rdx
arctan x dx = rarctanr — | ———
14 22
—1ig? Ldw
I parctana — / 2 (dw = 2z dx)
w
1
= xarctanx — 510g|w| +C
1
= xarctanx—ﬁlog(l—l—mz)—i—c.
Therefore
! 1 ) 1 1
/ arctanxdr = |zarctanx — 3 log (1 +x ) + C| = arctanl — 3 log 2 — §1og1
0
T 1
= — —=log2.
1 2%

ow let’s play with our toolkit
2) Now let’s pl ith 1ki
(a) Evaluate [ lo%dm
Solution: Let u =logx so that du = %dx. We then have

1 1 1
/ ngdx:/udu:fuerC:710g2:r+C’.
x 2 2
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(b) (Quiz 2015) Evaluate [ %87 d
Solution: This time we integrate by parts:

/

(¢) (Final, 2010) Let g(z
Solution: We have

g(z)

1 1 1\ 1
ngx de = ( >logx—/(—> —dz
x x)x

B
= o8 /—daﬁ

log T

fo t)2 dt. Find the minimum value of g(z).

1
/ (erQt — 2ztet + t2) dt =
0

1 1
:c2/ 2tdt+/ t272x/ tet dt
0 0

t=1 3 1
1 t =
x2 [ 2’5} [} — 2z [tet] t_l + 2:5/ et dt
D) t=0
t=0 t=0 0

t=1

x +%—2em+2x[ }

9 t=0
21 1
eT$2+2(€—1)(E—2€CC+§
2.1 1

This is a concave-up parabola so has a unique minimum. We have ¢'(z) =(e? — 1)z — 2 and
the minimum is where ¢’'(z) = 0 that is where

(d) Evaluate [z3log(z? +1)dx
Solution: We “peel of” an z, substituting v = 2 + 1 so that 2> = v — 1 and du = 2z dx so

that

/,7:3 log(x? + 1) dx

1
5/:32 log(z? + 1) -2z dx

%/(u—l)logudu

1<1u2—u> logu—l/(1u2—u>1du

2\ 2 2 2 U

1(u2 )logu—l/(u—Z)du

4 4

1, 1

Z(u —2u)logu—gu +2u+C

1 1

Z(Qﬁ +1)% = 2(x +1))log(x2+1)—g(m2+1)(x2+1—4)+0
i(x‘l—l)log(:v T el

8
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Solution: We start by integrating by parts, using u = log(z? + 1), dv = 2 dz getting:

/:1:3 log(z® +1)dzr = %x‘i log(z? + 1) — i/x4az22j—1 dz
= ix‘llog(x?—l—l)—;/Z.xj_ldx
- Levaey L (S5 e
= ix logx—i—l /(a: —x+ 293_1>dx
= i:v‘*log(acQ—l—l)—l4—1—1:102—1 d—u uw=2?+1,du = 2zdz

1 1 1
Zx‘llog (x2+1) — §x4+ Zx2 — ZlogquC

= i(m4—1)log(x2+1)—é(m4—2m2)+0.



