MATH 101: COMPUTING ANTI-DERIVATIVES BY MASSAGING

LIOR SILBERMAN, UBC

In this note I collect a few examples of computing indefinite integrals by “massaging” a function whose
derivative is similar to the desired result. The writing is pedagogical (illustrating thinking) rather than
exam-motivated.

Problem 1. Compute [ 7e~%/3dz.

Solution: We recall that (e®)’ = e®, so we try e~ /3, where we get (6’1/3)1 = *%671/3. Solving for

e~%/3 we find ) .
—z/3 _ _ ( —z/3> — (_ —I/-?))
e 3le e
and so ) )
7e~o/3 = _91 (e—m) - (—21e—$/3) .
We conclude that
/767‘%’/3 dr = —21e /3 + C.

Problem 2. Compute [ 1Jrﬁdav.

1-&-%' Since we need to get m we try arctan(2z). By the

_ 2 : 1 .
= 17527 SO solving for Tz We see:

Solution: We recall that (arctanz) =

1

chain rule, (arctan(2z)) =2 - Tz

1 1
/ 1512 dz = 3 arctan(2z) + C'.

dzx

Problem 3. Compute [ 5775

1
T

Solution 1: We remember that (log|z|)’ = % so we try log|3z + 1|. By the chain rule, (log |3z + 1|)" =

%4—1 , so we divide by 3 to get

1 1 '
mri—3 (log |3z +1|) = (3 log |3z + 1|)

SO

dx 1
T logl3z+ 1]+ C.
/31’+1 g log 3z + 1+

Solution 2: We note that T{H = %ﬁll/g Again (log |z|)" = L but this also means (log |z + %’)/ = ﬁ
and we get:
! zl(log x+1D/=<1log x+1D/
3z+1 3 3 3 3
S0
/73;11 = élog x+;’+C.

Problem. 1log|3z + 1| and % log |x + %’ are different. How is that possible?
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Answer: Both are correct. %log |3z + 1] = %log |3~ (:13 + %)’ = % (1og3 + log }x + %‘) so the two anti-
derivatives differ by the constant %log 3 — which is how things should be!

Problem 4. Compute [ sinx cosz da.

Solution: By the half-angle formula 2 sin x cos z = sin(2z) this is [ 3 sin(2z) dz. We know that (cos z) =
— sin x; replacing = with 2z gives (cos (2x)) = —2sin(2z) and solving for sin(2z) we get
1 1 1 '
3 sin(2z) = ~1 (cos(2x)) = (—4 cos(2x))
0

1
/sinxcosxdx =1 cos(2z) + C'.



