Math 101 — SOLUTIONS TO WORKSHEET 11
INTEGRATION BY PARTS

(1) Evaluate the integrals
(a) [ze”dx
Solution: Let u =z, dv = e¢”dx so that v = [ e”da = e”. Then du = dz so that

/xemdxz/udvzuv—/vdu:xex—/ezdzzzez—ez—FC’:(m—l)eI—FC.

(b) (Final, 2014) [ zlogzdx
Solution: This time, let u = logz, dv = xdx so that v =
parts, we get:

1

2x2 and du = %dx. Integrating by

1 1 1
/xlogxd:n = fleogxf/fxlfdx
2 2 T
1 1
= §x210gx—§/xdx

1 1
= §$210g307 Z$2+C.

(¢) [2?coszdx

Solution: We integrate by parts twice, differentiating the term of the form z*

/.I‘2COSJZd$ = x2sinx—/(2x)sinxdx

= z?sinz — {(—Qxcosx)—/@)(—cosx) dx]

xQSinx—Fchosa:—Q/cosxdx

= z’sinx +2xcosz — 2sinz + C.

(d) [logzdx
Solution: Let u =logz, dv = 1dx = dx so that v = x, du = %dx. Integrating by parts, we

get:
1
/log:rdx = xlog:r—/x-fdx
T

= xlogm—/dx

= zlogx—ax+C.

(e) (Final, 2013) fol arctan z dz =
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dzx

Solution: Let u = arctanz, dv = 1dx = dx so that v =z, du = Integrating by parts,

1422
we get:
rdx
arctan x dx = rarctanr — | ———
1422
w=14+22 i dw
=L parctanz — / Z (dw = 2z dx)
w
1
= xarctanx — 510g|w|+C
1
= marctanm—ilog(l—i—:vQ)—i—C.
Therefore
! 1 ) 1 1
/ arctanxdxr = |xarctanx — 3 log (1 +x ) + C| = arctan1 — 3 log2 — ilogl
0

1
—ilogZ.

S

(2) Now let’s play with out toolkit
(a) Evaluate [ 182 dy
Solution: Let u =logx so that du = %dm. We then have

1 1 1
/ ngdx:/uduzqu—l—C:flogzx—i—C.
z 2 2

(b) Evaluate [ %5 dx
Solution: This time we integrate by parts:

1
/Ing dez = (—1> logx—/(—1> —dz
x x z)x

1 1
= —ng+/—2dm
x x
1

1
- 2T __Lo¢
T T
1 1
_ _logz + LC
T

(c) (Final, 2010) Let g(z) = fol (ze* — t)*dt. Find the minimum value of g(z).
Solution: We have

1
g(x) = / (z%e* — 2ate’ + 1) dt =
0

1 1 1
= x2/ thdt—i—/ t2—2x/ te! dt
0 0 0

1 t=1 t3 t=1 1 1
= g2 [e%} + [} — 2z [tet] t;O + 295/ et dt
2 t=0 3 im0 0

e?—1 5 1 11t=1
= 5 T +§—26m+2$[e}t20
e2—1 , 1
= — 2(e—1)x—2 -
5 +2(e—1)z ex+3
21 1
- ¢ 22— 2+ .

2 3
2



This is a concave-up parabola so has a unique minimum. We have ¢'(x)

the minimum is where ¢’(z) = 0 that is where
2

Tr =

(d) Evaluate [z3log(z? +1)dx

:(62—1):10—2 and

e2—1°

Solution: We “peel of” and z, substituting u = 22 4+ 1 so that 2 = v — 1 and du = 2z dzx so
that
1
/:133 log(z® +1)dz = 5/&02 log(z? +1) -2z dz
1
= 5/(u71)logudu
1/1, 1 (/1
= —_ —_ - l - - - - -
2<2u u> ogu 2/(2u u) du
1 1
= Z(UQ )logufz/(u—Z)du
= 1(uQ—Qu)logu—lu + u+C
4 8 2
1 1
= 1(1‘ +1)* = 2(z* + 1)) log (2* + 1) —g(x2—|—1) (z®+1-4)+C
1 1
= Z(x471)1og(x2+1) fé(x472x2)+0.
Solution: We start by integrating by parts, using u = log(2? + 1), dv = 2 dz getting:
1 1 2
/x?’ log(z® +1)dz = ZZA log(x? +1) — i /x4 = _T_ 1 dz
1, 5 1 x5

3:5—1—;103

;v?’—i—x

- ix410g($2+1)_;/($2+1 S x;:_l)dx

= ix4log(x2+1);/(x3z+x2::_1)dx

= ix4log(x2+1) ;z Jri 2—1 duu uw=a?+1,du=2zdx
- im4log(x2+1)—%x‘ﬂ—%ﬁ—ilogu—i—C

4

L =D log (24 1) - £ (2t~ 207) 4O



